THE LAWS OF LOGS

S ince a log is really just an exponent,
and since we have laws for

exponents, it makes sense that we need
to learn some laws for logs, too. These
laws of logs will be used to solve new A e
kinds of equations. This chapter also shows Adapazari, Turkey

us another application of logs, the Richter Aug 17, 1999
scale for measuring the magnitude of an Richter 7.8
earthquake.

L THE Two CANCELATION RULES
Carefully study the next five examples:
log, 9% = log, 81 = 2
log,,10° = log,,100,000 = 5
log, 5° = log,125 = 3
log,, ol = log,2 =1
log, e = log,1 =0

Something’s going on here. In each problem, the final answer matches
the exponent at the front of the problem. For example,

log, 9 =
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Also notice that the base of the log matches the base of the expression
that we’re taking the log of. For instance,

5
log =5

Using these two insights, we might now see that log,, 127 = 7. We can
now generalize this whole discussion into the first of two cancelation
rules:

log, b* = x

We call it a canceling rule because the log function (done second)
cancels out the exponential function (done first), leaving just the x.

To motivate the second cancelation rule, consider the following four

calculations:
1010199 = 1093 = 1000
2\%82%% = 95 = 39
5°%1% = 5% = 125

781t = 70 =
For each example, notice that the base of the entire question matches
1 1 .
the base of the log — for example, 817" . We also see that in every

case, the final answer matches the number we’re taking the log of — for
Instance, 210g2 = 2° =[32]. In a nutshell,

blogb X _ x

This is a canceling rule because the exponential function (done second)
cancels out the log function (done first), leaving just the x.
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EXAMPLE 1. Use the canceling rules to simplify each
expression:
A, log,3" =n B. log10™™ = x+y
C. 71087090 _ D. ) — o4y
E. log, 5" cannot be simplified by a canceling rule, since the

base of the exponential (the 5) does not match the base of
the log (the 4).

F. 827 a1s0 cannot be simplified by a canceling rule, since the
base of the exponential (the 8) does not match the base of
the log (the 10).

Homework

1. In the second canceling rule, explain why we must restrict x to
the positive real numbers.

2. Simplify each expression:

a. log10 b. Ine c. logl0“™’ d. lne™*
e. logg go00 f. 10l0s() g. emdog? h, ologzne
glogz(@=0) j. log, oF k. loge”* 1. elos®@
3. A common student error is to figure that

log, (x +y) = log, x +1og, y. We need to dispel this myth right
now. Let b =2, so that we’re working with base 2. Then let both
x and y equal 8. Show that the left side of the formula results in
4, whereas the right side comes out 6.
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4, Prove that the conjecture log (xy) = (log x)(log y) is false. Hint:
Let x = 100 and y = 1000 and work out each side.

O THE SUM OF LOGS

We know how to calculate certain logs in our heads; for example,
log5 25 = 2, because 52 = 25. Sometimes in a problem we have the
sum or difference of two logs, and our goal is to convert that sum or
difference into a single log. For instance, here’s how we can

Convert log 100 + log 1000 into a single common log.

Start with the sum of the logs: log100 + 1log1000
Calculate each log separately: 2 + 3
And add the numbers: 5

Now we have to write 5 as the

common log of something.

Since 10° = 100,000, we can finish

by writing log100,000
In short, log100 + log1000 = log100,000

For a second example, let’s

Find the sum of Ine® and Inée>.

Start with the sum of the logs: Ine® +1ne®
Calculate each log separately: 5 + 3
And add the numbers: 8

Now we have to write 8 as the

natural log of something. Ine®

That is, Ine® +Ine® = Ine®
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Homework

5. Express each sum of logs as a single log:

a. log10+1og1000 b. log10,000+1og100

c. logl0+logl d. log1000 +1og1000

e. log, 8+log, 64 f. log,9+log,3

g. log,64+log, 4+log,1 h. log10+1og100 +1og1000
i. Ine® +Ine’ i. Ine'? +1net?

O THE DIFFERENCE OF LOGS

To find the difference of logs, we use the same logic as above:

Express log2 32— log2 8 as a single log.

log, 32 —log, 8

= 5-3 (since 9° =32 and 2328)
= 2 (arithmetic)
= logz 4 (since 9% = 4)

In short, log, 32 —log, 8 = log, 4

For a second difference of logs problem,

Express Ine? —1Ine® as a single log.

Ine? —1Ine®

= 9-6 (take the individual logs)
3 (arithmetic)

= Ine> (write 3 as an In)

So, Ine? —Ine® = Iné’
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Homework

6. Express each difference of logs as a single log:

a. 1log100,000 —log1000 b. log1000—1log10

c. log,125-log, 25 d. Ine'® —Ine’
e. log,36—1log,6 f. Ine? —Iné°
g. log1000 —log100 h. log, 512 —logg 64
1. log,32—log, 8 J. log,144 —log,,1

O SYNOPSIS OF THE TWO PRECEDING SECTIONS
Let’s look at two of the results from the preceding sections:

1) log100 +1og1000 = log100,000

This shows that the sum of two logs can be combined into a
single log — as long as the numbers are multiplied:
100 x 1000 = 100,000

2) log,32-log,8 = log, 4

This shows that the difference of two logs can be combined

into a single log — as long as the numbers are divided:
32 _
g = 4

These two results, that the sum of logs is the log of the product, and
that the difference of logs is the log of the quotient, can be written like
this:
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logbx+logby = logb(xy)

log, x —log, y = logb%

Traditionally, these two laws of logs are written the other way around;
indeed, that’s the way we need one of them in the next section.

The log of a product is the
log, (xy) = log, x +10g, ¥ | sum of the logs.

logb X = logb X — logb y The log of a quotient is the
Y difference of the logs.

EXAMPLE 2: Use the two Laws of Logs to expand each

expression:

A. log(ABC) = log A +log B+logC

B. ln(%j = In(xy)-Inz = Inx+Ilny-Inz

a) _ _
C. log, (Ej = log, a—log,(bc) = log, a—(log,b+log, c)
= log, a—log, b—-log,c

O THE LOG OF A POWER

Another type of log expression we’ll come across is the log of a power,
e.g., log(73). We can break it down and use the notion of exponent and

the “log of a product” law above to do the problem. Let’s work log 73

log7 3
= log(7-7-7) (definition of exponent)
= log7+1log7+1log7 (use the “log of a product” law)
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= 3log7 (combine like terms)

This may not seem very profound, but this maneuver will be necessary
to solve exponential equations later in the course. Let’s do one more
example, and we’ll even put a variable into the expression.

Inx* = In(x-x-x-x) = Inx+Inx+Inx+Inx = 4lnx

This “log of a power” law can be summarized as

To calculate the log of a power, bring

n _
1Ogb o= nlogb * | down the power as a coefficient.

O SUMMARY OF LOGS

We can summarize our knowledge of logs in the following six
statements — one definition, two cancelation rules, and three laws:

Statement Example
y = log,x means b’ =x | 2 = logl00 means 102 =100
log, b* = x Inel =T
blogbx S 210g299 - 99
log, (xy) = log, x+log, y log(100x) = 2+logx
logb% = log, x —log, y In% = Inx-1
log, x" = nlog, x log51f§ = %log5Q
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EXAMPLE 3: Use one of the Laws of Logs to expand each

L

“

r & m m o 6 W >

expression:

log (7x) = log 7 + log x

In(xyz) = Inx+Ilny+Inz

In(ex) = Ine+Ilnx = 1+1lnx

log,, % = log,8-log,3 = 3—log,3

log% = logA-logB

log,,[(a+b)(a—-b)] = log,,(a+b)+log ,(a—b)
log(xg) = 3logx

log, \/; = log, M2 = %log3 X

lan/wz = lnw?’? = glnw

(lnx)2 cannot be simplified because the power is on the
In x, not the x. Note that Inx? = 2lnx. See the
difference?

EXAMPLE 4: Use the Laws of Logs to expand each

expression:

In(ax®) = lna+Inx® = lna+3Inx
logxz—y = log(xy)—logz = logx +logy—logz

lnbic = lna-In(bc) = Ina—[Inb+1Inc] = Ina-Inb-Inc
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D.

E.

3
log, % = log, cd® - log, et = log, c+3log, d—4log, e
e

ln[ﬁy;} ln\/;%—lneZQ/w—S

ezi’/w_3
= ln\/;+ln§/§—[lne2 +1n§’/w—3}

-1 1 __3
= 2lnx+3lny z 5lnw

EXAMPLE 5: Use the Laws of Logs to condense each

w

moom o 9

expression into a single log with coefficient 1:

logx +logy = log(xy)

Ina—1Inb = In%

b
3log, T' = log, T
%logn = logn®" = logdn_g
%lnx+5lny = Inyx +1Iny° = 1n(\/;y5)

2logx +%1ogy +%1ogz = logx2 +log\ﬁ+log§/z_2

log (xz\/; ?/z_izj

Inx+Iny—-Inz = ln%

2
210gx—%logy = logxz—logyll3 = loggc—

iy

Ina-Inb-Inc = In% —1Inc = lnﬁ = n&

b c bc

a

Alternate approach:

a

Ina-Inb—Inc = lna—-(Inb+Inc) = Ina—-1In(bc) = lnbc
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7.

8.

J. Zlog(a+b)-1log(a—b)—Tlog(ab)

log ¥(a +b)? —logla—b —log(ab)’

Homework

Expand each expression:

a. In (abd)

d. log%

g. In x3

Expand each expression:

b. log (wyz) c.
a+b

. =4= f.

e. log .

h. log 7" 1.

b. log#fx ¢

e. In—1_ f
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10.

11.

12.

13.

Expand each expression:

a. In(a2b) b. log(xy®)
2
d. log X e. lna—b
6 y3 ¢

Expand each expression:
2

a. log, % b. In*Y

3 be wzs

5
d. log(@®b3c) e. h{%}

Condense each expression:
a. Inx—-1In7
c. %ln4+ln2

e. In(x*)+Inx+1In7
g. Ina—Inb-3lnc

= oaT

o

In (a2b3c4)

—
fa—
(@)
o
a1

log y +1log12

2 1

glogt —glogt

logx —logy+logz
210ga—%logb—§logc

Evaluate each expression without a calculator:

0100 b In7

a. logl . e

10

d. In&—
o2

g. logh0+1log20

True or False:

a. log109 =9 b.
c. Ine®™ = In(abe) d.
e. logab = (loga)b f.
g. In(x+y) = Inx+Iny h.
1. ln% = —Inx j.

e. log,, 8+log,, 3

h. log, % +log, 162

c. logh+log2

f. lnx+lnl
X

1. log, 50 —log, 2

7log7 R _ 7R

In(xy) = Inx+Ilny
ne — Ina

b Inbd
log(a—b) = loga—1logb

log ,(x“b) = (alog,, x)(log,, b)
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k. In(xy®) = zIn(xy) L.

m. loga+1logb = log(ab) n. Ine' =t

0. 10%89

q. eln(e—3)

-9 p. ml = 1
X Inx
=e-3 r. In%*
Yy
a2 2
s. log(ab™) = loga+nlogh t. In"> =

O THE RICHTER SCALE FOR EARTHQUAKES

13

log, x —log, ¥ = log, %

In 1935, Charles Richter devised a scale for earthquakes called the
Richter scale (what a coincidence!). If E represents the energy (in
joules) of the earthquake, then the Richter magnitude M is given by

2 E
M = Zlog| —£L&
3 Og[2.5><104]

EXAMPLE 6:

Solution:

e

/

The energy release of the 1906 San Francisco
earthquake was 5.96 x 10'6 joules. Find the

Richter magnitude of the quake.

According to Richter’s formula,

16
M: %log 596)(104
2.5x10

_ %10g(2.384x1012)

= %(12.3773)

=] 825
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Homework

14. An earthquake releases 1.75 x 101! joules of energy. What is the
Richter magnitude of the quake?

15. A more serious quake releases 100 times as much energy as the
one in the previous problem. Find the Richter magnitude.

O PROOFS OF THE THREE LAWS OF LOGS

The laws of logs we've developed and used in this chapter were arrived
at using a few examples and noting a consistent pattern. We know that
all the examples in the world never constitute a genuine proof, so now
it’s time to set the record straight and prove the laws the right way.
There’s no homework for this section, so ask your instructor what
you're responsible for on the test.

THEOREM: The First Law of Logs
log, (xy) = log, x +log, y

PROOF: Let w=log, x and z=log, y. Then

x=b" and y=b° (from the definition of log).

To prove the First Law of Logs, we’ll begin with the left-hand side
of the equation, substitute the results just obtained, and work our
way to the right-hand side of the equation.

log b (xxy) (the left side of the formula)
= log, bY -b°) (substituting from the results above)
= logb (bY*%) (the first law of exponents)
= w+z (the first log cancelation rule)
= logb X+ logb y (substituting back) Q.E.D.
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“The log of a product is the sum of the logs.”

THEOREM: The Second Law of Logs

log, (%J = log, x—log,

PROOF: Let w=1log, x and z=1log, y. Then x =b" and y =b*
. We proceed like the previous proof:

log b (%j (the left side of the formula)
w
= logb — (substituting from the results above)
b
= log, bY™?) (a law of exponents)
= w-—=z (the first log canceling rule)
= log, x —log, ¥ (substituting back) Q.E.D.

“The log of a quotient is the difference of the logs.”

The Third Law of Logs is used whenever there’s an exponent on the
quantity we're taking the log of.

THEOREM: The Third Law of Logs

log, x™ = nlog, x

PROOF:  Asin the two previous proofs, let w =log, x, which
implies that x =b". Thus,

log, x" (the left side of the formula)
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16.

17.

18.

19.

20.

21.

= logb (bw )n (substituting the expression for x)

= 10gb b*") (one of the laws of exponents)

= wn (the first log canceling rule)

= nw (commutative property for multiplication)
= n logb X (substituting back) Q. E.D.

“To calculate the log of a power,

bring down the power as a coefficient.”

Ine+logl—log,3—log, 49 =

a. log1212N =

log, b* pl86* =
ln(loglO) =

Expand: log (%j

E d: 1 x°
Xpana. n|——
P E

Review
Problems

b. 9
c. Ine®?® = d. 1og10%® =

e. log,5” = f. 5198509 =

y = log,x means b’ =x

logg56 _

log, b* = x

blogb x _

log, (xy) = log, x+log, y

logb§ = log, x —log, ¥

log, x" = nlog, x
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22.

23.

24.

25.

26.

Condense: Inx+Iny—-Inz

Condense: 3logx + %logy — % logz

True/False:

a. In(a—b) = lna—1Inbd

b. loge! =t

c. ln(g) _ n2

x) Inx
d. In(ab'®) = 10In(abd)

17

The energy release of an earthquake is 1.23 x 107 joules. Use the

formula M = 2log [Lj to find the Richter magnitude of the
2

3 5x10%

quake.
True/False:
a. logl0%?® = g+b
b. loge™ = u-w
c. 6%6% =
d. e@ = @
e. In(ab) = Ina+Ind
f. In¥X-Inx
-y Iny
g. logab” =ylogab
h. logab’ =loga+ ylogb
1. Inp-lng = In?

q
). logg32-log, 8 = log, 4
k. In(x+y+2z) = Inx+lny+lnz

log7" = Tlog7
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m. (lnx)3 =3lnx
n. §logx+4logy = log(3 x? y4)

o. If the energy release of an earthquake 1s 2.807 x 105 joules, then
the Richter number of the earthquake is about 7.37.

0 To oo AND BEYOND

Prove: 1n(x8 +8x5 + 24x* + 3242 +16) = 41n(x2 +2)

Solutions

. . . 1 . ..
1. Because the first operation in b T logb x , whose domain is (0, o).

2. a.l b. 1 c.cutv d. . xyz e 500 f xy g log7 h.1
. a—-b j. R k. Asis 1. Asis

3. log,(8+8) = log,16 = 4, whereas
log,8+1og,8 = 3+3 = 6

4. log (xy) = log(100 - 1,000) = log 100,000 = 5, but
(log x)(log y) = (log 100)(log 1,000) = 2-3 = 6.

5. a. log 10,000 b. log 1,000,000 c. log 10
d. 1,000,000 e. log,512 f. log, 27
g. log, 256 h. log 1,000,000 i. lne!®
j. Ine*

The Laws of Logs



10.

11.

12.

13.

=,

N

. log 100 b. log 100
Ine’ e. log,6
. log 10 h. logg 8
log,, 144
Ina+1Inb
log, a +log, b +log, c +log, d
log(a+b)—logc
3lnx h. nlog7
1 1
Elog7x b. glogx
—3logx e. —%lnu
2lna+1nb
2lna+3lnb+4lnc
Ina+Inb—-9lnc
log, a—logs b—log, c
%logx—logy—logz
S5Inw+5Inx—-5Iny—-5Inz
ln% log(12y)
In(7x%) log X2
Yy
100 c. 1
0 h. 4
T b. F F d T
. F k. F m. T
T s. T

= o

e
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c. log,5
f. lne'®

1. log, 4

b. logw+logy+logz

d. logh-logk

f. logg(x—y)—logg(u+v)
1. 7

%1nQ
%logT

logx +3logy
2log, x —3log, ¥
2logx +5logy—10logz

2lInx+Iny—-Inw-3Inz
210ga+1ogb+%logc

2log; a +%10g5 y—log, w—log, x
In(23/4) d. logift

2
lni3 h. log—%
be 3 E

d 8 e. 1

1. 2
F f. F g F h F 1T
T o T p. F q. F (tricky!)
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14.

15

16.

17.

18.

21.

23.

26.

M=4.6

. M =5.9. Notice that this magnitude 1s only 1.3 Richter points higher
than the previous answer, yet the earthquake was 100 times more
powerful. Even a small difference in the Richter magnitude represents a
huge difference in the actual power of the earthquake.

-2
a. N Db. 56 c.a-b d. 25 e. Asis f. Undefined

x> 19. 0  20. loga+logh-1

31nx—lny—%lnz 22. ln(%j

3 3/y2
log x \/7 24. They're all false. 25. 8.46
Jz
T Db.F ¢ T d F e T F g F h T
T 3. T F 1T m. F n o. T

“Nothing can stop the man with the right mental

attitude from achieving his goal; nothing on earth can

help the man with the wrong mental attitude.”

Thomas Jefferson
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